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Abstract

Let G = (V(G), E(G)) be a connected graph and z,y € V(G),
d(z,y) = min{ length of z — y path } and for e € E(G), d(z,e) =
min{d(z,a),d(z,b)}, where e = ab. A vertex z distinguishes two edges
e1 and ez, if d(e1,z) # d(ez,z). Let Wg = {w1,w2,...,wr} be an or-
dered set in V(G) and let e € E(G). The representation r(e | Wg) of
e with respect to Wg is the k-tuple (d(e,w1),d(e, w2),...,d(e,wy)). If
distinct edges of G have distinct representation with respect to Wg, then
W is called an edge metric generator for G. An edge metric generator
of minimum cardinality is an edge metric basis for G, and its cardinality
is called edge metric dimension of G, denoted by edim(G). The circulant
graph C, (1, m) has vertex set {v1,v2,...,vn} and edge set {v;vi41 : 1 <
it <n—1}U{vpv1 }U{viVigm : 1 <i < n—m}U{vn—m4ivi : 1 <i < m}.
In this paper, it is shown that the edge metric dimension of circulant
graphs C,(1,2) and Cy(1, 3) is constant.

1 Introduction and Preliminaries

Suppose G is a connected and undirected graph with vertex set V(G) and edge
set E(G). The degree d,, of a vertex v € V(G) is the total number of vertices
joining to v. The maximum and minimum degree of the graph G are repre-
sented by A(G) and §(G) respectively. Slater introduced the concept of metric
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dimension in order to locate an intruder’s place in a network [18]. Melter and
Harary further discussed the Slater’s concept in [4]. The metric dimension,
is defined as follows: Let W = {v1, v, ..., v} be an ordered set of vertices of
G and let v be a vertex of G. The representation r(v | W) of v with respect
to W is the k-tuple (d(v,v1),d(v,v2),...,d(v,vg)). If distinct vertices of G
have distinct representation with respect to W, then W is called resolving set
for G. A resolving set of minimum cardinality is a metric basis for G, and its
cardinality is called the metric dimension of G, denoted by dim(G). For more
detail on metric dimension, we refer to [5, 9, 20].

Metric dimension is an essential tool in image processing and pattern recog-
nition (see [14]). In games such as mastermind and coin weighing, the use of
metric dimension of graphs was also studied in [1]. In pharmaceutical chem-
istry, metric dimension of graphs provides distinct representation of different
chemical compounds (see [2, 10]). The vertices and edges represent the atoms
and bond types of different chemicals respectively. In this way, we can show
the structure of chemical compounds by these labeled graphs. For applica-
tions in robot navigation, combinatorial optimization and coast guard loran,
we refer articles [17, 18, 19].

Kelenc in [11] extended the idea of metric dimension to edge metric dimen-
sion. Let d(x,e) denotes the distance between edge e and vertex x, defined
as d(z,e) = min{d(z,a),d(z,b)}, where e = ab (see [11]). A vertex z distin-
guishes two edges e; and ey, if d(e1,x) # d(ea, x). Let Wg = {wy,wa, ..., wi}
be an ordered set in V(G) and let e € E(G). The representation r(e | Wg) of e
with respect to Wg is the k-tuple (d(e,wy),d(e, wa),...,d(e,wg)). If distinct
edges of G have distinct representation with respect to W, then Wg is called
an edge metric generator for G (see [11]). An edge metric generator of mini-
mum cardinality is an edge metric basis for G, and its cardinality is called edge
metric dimension of G, denoted by edim(G). Kelenc in [11] also computed the
edge metric dimension for path, cycle, wheel and complete graphs. In [21],
Zubrilina classified the graphs on n vertices for which edge metric dimension
ism—1. In [13], Kratica computed the edge metric dimension of generalized
Petersen graphs GP(n, k) for k = 1, 2 while for the other values of k the lower
bound is given. In 2018, Mufti et al. computed the edge metric dimension
of barcycentric subdivision of Cayley graphs (see [15]). The following lemmas
are helpful for calculating the edge metric dimension of graphs:

Lemma 1.1. [11] edim(G) =1 if and only if G is the path graph.
Lemma 1.2. [11] For a connected graph G, edim(G) > loga(A(G)).
Lemma 1.3. [11] For a connected graph G, edim(G) > 1+ [log, §(G)].

The circulant graph C,(1,m) has V(C,(1,m)) = {v1,v2,...,v,} and
E(Cp(l,m)) = {vjviy1 : 1 < i < n—1} U{vpo1} U{vvigm = 1 < @ <
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n—m}U{vp_mtiv; : 1 <i < m}. Circulant graphs are an important class of
graphs used in computer sciences especially in designing of computer network
topologies and local area networks.

The rest of paper is structured as follows:

In the second section, we will compute the edge metric dimension of the
family of circulant graphs C,,(1,2). In third section, we will calculate the edge
metric dimension of the family of circulant graphs C,(1,3). In last section,
we concluded the paper by open problem.

2 Edge metric dimension of family of circulant graphs
Cn(1,2)

In this section, we will calculate the edge metric dimension of family of circu-
lant graphs C,,(1,2). Figure 1 shows the circulant graph Cg(1,2).

Figure 1: Circulant graph Cg(1,2)

The following theorem tells us the metric dimension of Cy,(1,2).

Theorem 2.1. [7, 16] Let Cy,(1,2) be a circulant graph with n > 5, then
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3, if n=0,2,3 (mod 4);

dim(Cy(1,2)) = <4, otherwise.

Now, we will compute the edge metric dimension of Cy(1,2).

Theorem 2.2. Let C,(1,2) be a circulant graph with n > 5, then

5, if n=1,2 (mod 4);

edlm(cn(]-7 2)) = 4 otherwise.

Proof. In order to compute edge metric dimension of C,(1,2), we have the
following cases.

Case (i): When n =0 (mod 4) and n > 5.

Let n =4k, k> 2, k € ZT and Wg = {v1,v2,va, 02111} C V(Cn(1,2)), we
have to show that Wg is an edge metric generator of C,(1,2). For this, we
give representations of each edge of C,(1,2).

(iyik—i—1,k—1), if0<i<k—1;
T(Ugi+1vgi+2|WE) = (kv k‘, 1; 0)7 lf 1= k;

2k —i,2k —ii—k+1,i—k), ifk+1<i<2k—1;

0,1,k —1,k—1), if i = 0;

(iik—i—1,k—i—1), if1<i<k—2
rlvaenvaslWe) =3y 1 1,1,0), if =k —1;

2k —i—1,2k—iji—k+1,i—Fk), ifk<i<2k—2
T(Un,1U1|WE) = (0, 1, k‘, k — 1),

(i,i—1,k—i,k—1), if1<i<k;

r(vaivai1[We) = 2k —i,2k—i+1,i—ki—Fk), ifk+1<i<2k—1;

r(vav1[Wg) = (0,1, k, k),
(il k—i—1k—d), ifl<i<k-1;

(k,k—1,0,1), if i = k;
(2% —i,2k —ii—ki—Fk), ifk+1<i<2k—1;

r(V2;V2i42|WE) =
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and 7(v,v2|Wg) = (1,0,k — 1, k).

We see that there are no two edges having the same representations. This
shows that edim(C),(1,2)) < 4.
On the other hand, we have to show that edim(C),(1,2)) > 4. For this purpose,
we have to show that there is no edge metric generator have cardinality 3, we
suppose on contrary that edim(Cy(1,2)) =3 and let Wg = {v1,v;,v;}. Then
the Table 1 shows all order pairs of edges (e, f) for which r(e|Wg) = r(f|Wg).

Conditions on 4 and j (e, f)
2<1<j<2k (Unv1, Vp—101)
2<i<2k 2k+1<j<mn-—1andjiseven (UnV1, Vp—101)
2<i<2k—1landj=n (Vn—1Vn, Vp—2Up)
i1=2kand j=n (v1v2,v103)
2<i<2k—1,2k+1<j<n-—2andjisodd (Vn—1Vn, Up—2Up,)
1 =2k, 2k+2<j<nandjis odd (v1v2, v103)
t=2kand j=2k+1 (V2k—1V2k, Vag—2Var)
2 S 7 S 2k —1 andj =n-—1 (ngvgk+1,vgkvgk+2)

Table 1: (e, f) for which r(e|Wg) = r(f|WEg)
In all possibilities, we conclude that there is no edge metric generator of 3
vertices. Hence edim(C,,(1,2)) = 4.
Case (ii): When n =1 (mod 4) and n > 5.
Let n = 4k + 1, k > 1, k € Z% and Wg = {v1,v2,v3, V212, V2613 C
V(C,(1,2)), we have to show that W is an edge metric generator of Cy, (1, 2).
For this, we give representations of each edge of Cy,(1,2).

(0,0,1,k, k), if i =0;

(4,4,1 — 1L,k —i,k—i+1), if 1 <i<k;
7(V2i41V2i42|WE) = ) ) )

2k —4,2k —i+ 1,2k —i+ 1,

i—k,i—k—1), ifek+1<i<2k—1;
T(UnUIIWE’) = (07171ak7k_ 1)7

(0,1,0,k, k), if i =0;

(i,4,i — 1,k —i, k —1i), if1<i<k-—1;
T(U21+102i+3|WE) = (kJﬁk —-1,1,0), if i = k;

(2k — 4,2k — 4,2k —i+ 1,

i—k,i—k—1), ifk+1<i<2k-—1,;

r(vpve|Wg) = (1,0,1,k, k — 1),
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(iyi—1,i—1,k—i,k—1), if1<i<k;

(k,k:k;OO) ifi=k+1;
r(v2iv2i41|WE) =

2k —i+1,2k—i+ 1,2k — i+ 2,

i—k—1,9—k—1), if k+2<1i<2k;
T(Un_1U1|WE) = (0, 1, 1,]{5 — 1 k— 1) and

(10,1, k — 1,k), ifi=1;

(hi—1li—1Lk—dik—i+1), if2<i<Fk
7’(1}21"()27;+2|WE) = (k 1 k ]{7 0 1) ifi=k + 1;

(2% —i,2k —i+1,2k —i+1,

i—k—1,i—k—1), ifk+2<i<2k—1.

We see that there are no two edges having the same representations. This
shows that edim(C,(1,2)) < 5.

On the other hand, we have to show that edim(C,,(1,2)) > 5. For this purpose,
we have to show that there is no edge metric generator have cardinality 4, we
suppose on contrary that edim(C,(1,2)) = 4 and let Wg = {vi,v;,v;,v:}.
Then the Table 2 shows all order pairs of edges (e, f) for which r(e|Wg) =
r(fIW).

Conditions on %, 7 and [ (e, f)
2<i1<j<I1<2k (Vn V1, Vp—101)
2<i<j<2k2k+1<I1<n-—2andliseven (Vn—1Vn, Un—2Up)
2<i<j<2kandl=n-—1 (V2k4+1V2k+2, V2k4-1V2k+3)
2<i<j<2k2k+1<1<n-—1and]lisodd (Vn 1, Vp—101)
2<i<j<2kandl=n (VnVn—1, UnUn—2)

Table 2: (e, f) for which r(e|Wg) = r(f|WEg)
Since in each case we get contradiction. We conclude that there is no edge
metric generator of 4 vertices. So it is obvious that edge metric generator of
3 vertices does not exist. Hence edim(C),(1,2)) = 5.
Case (iii): When n =2 (mod 4) and n > 5.
Let n = 4k + 2, k > 2, k € ZT and Wg = {v1,v2,v3, V242, V2k4+3} C
V(Cn(1,2)), we have to show that Wg is an edge metric generator of Cy,(1,2).
For this, we give representations of each edge of C,,(1,2).
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T(V2i41V2i42|WE) =

T(U2¢+1U2¢+3 | WE) =

(OQka) if i = 0;

(4,1, — —ik+1—14), if 1<i<k;
(&kklZ) ifi=k+1;

(2k — 4,2k — 4,2k — i+ 1,

i— kz—k—|—1) if k+2<1i<2k;
(0,1,0, k. k), if i = 0;

(i,iyi— 1,k — i,k — 1), if1<i<k—1;

(k, k. k —1,1,0), if =k

(2k — i, 2k —i+1,2k — i+ 1,

i —kyi—k—1), i hk4+1<i<2k—1;

r(vp—101|Wg) = (0,1,1,k, k — 1),

(V20241 |Wg) =

r(v,v1|Wg) = (0,

T(U2i02i+2 |WE) =

1,1

and  r(v,ue|[Wg) =

)

( il k+1—ik+1—4), if1<i<k
(k,k,k,0,0), ifi=k+1;
(2 —i+1,2k —i+2,2k—i+2
i—k—1i—k—1), if k42 <i<2k:
k. k),
(1,0,1,k — 1,k), =1
(hi—1,i—1Lk—dik+1—1), if2<i<k;
(k, k,k,0,1), if i =k +1;
(2k+1—-14,2k+1—1,2k—i+2,
i—k—1,9—k—1), if k+2<1i<2k;
(1,0,1, k. k).

We see that there are no two edges having the same representations. This
shows that edim(C)(1,2)) < 5.

On the other hand, we have to show that edim(C,,(1,2)) > 5. For this purpose,
we have to show that there is no edge metric generator have cardinality 4, we
suppose on contrary that edim(C,(1,2)) = 4 and let Wg = {v1,v;,v;, v}
Then the Table 3 shows all order pairs of edges (e, f) for which r(e|Wg) =

r(fIWE).
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Conditions on ,j and [ (e, f)
2<1<j<I<2k+1 (Vnv1, Vp—1v1)
9<i<j<2%k+1,2k+2<[<n_1and
[ is even (vpv1, Up—101)
2<i<j<2k+landl=n (V2k41V2k+42, V2k41V2k+3)
2<i<353<2k+1,2k+2<1I<n-—2and
l is odd (UnVn—1, VnUn—2)
2<i<j<2k+1landl=n-1 (Vok2V2k+43, Vok2V2k+4)

Table 3: (e, f) for which r(e|Wg) = r(f|WEg)
Since in each case we get contradiction. We conclude that there is no edge
metric generator of 4 vertices. So it is obvious that edge metric generator of
3 vertices does not exist. Hence edim(Cy(1,2)) = 5.
Case (iv): When n =3 (mod 4) and n > 5.
Let n =4k+3,k > 2,k € ZT and Wg = {v1, v, vop11, vort2} C V(Cn(1,2)),
we have to show that Wg is an edge metric generator of C,(1,2). For this,
we give representations of each edge of Cy,(1,2).

(4,4, k — i,k — 1), if 0<i<k;
7(v2ir1v2i42|WE) = (k41— 0,2k —i+2i—ki—k), ifk+1<i<2k
r(vav1|We) = (0,1, k, k + 1),

0,1,k —1,k), if i =0;

(4,4, k —i— 1,k — 1), if1<i<k-—1;
r(V2i41V2i43|WE) = (k, k,0,1), = ke

(k+1—0,2k+1—di—ki—k), if k+1<i<2k
r(vpv2|Wg) = (1,0, k, k),
i

(i — 1, k—ik+1—1), if 1 <i<k;

(k+ 1,k 1,0), ifi=Fk+1;
(V22541 |WE) = )

2k —i+2,2k — i+ 2,71 — k,

i—k—1), ifk+2<i<2+1;

r(vp—1v1|Wg) = (0,1, k, k) and
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(iyi— 1,k — i,k —1), if1<i<k-—1;

(k,k —1,1,0), if i = k;
7(v2i02i42|Wp) = ¢ (k, K, 1,0), ifi=k+1;

(2% +1—i,2k —i+2,i—k,

i—k—1), if k+2<i<2k.

We see that there are no two edges having the same representations. This
shows that edim(C),(1,2)) < 4.

On the other hand, we have to show that edim(C,,(1,2)) > 4. For this purpose,
we have to show that there is no edge metric generator have cardinality 3, we
suppose on contrary that edim(C,(1,2)) = 3 and let Wg = {vi,v;,v;}. Then
the Table 4 shows all order pairs of edges (e, f) for which r(e|Wg) = r(f|Wg).

Conditions on ¢ and j (e, f)
2<i<j<2k+1 (UnV1, Vp—101)
2<i<2k2k+2<j<n-—2andjiseven (UnVn—1, UnVn—2)

1=2k+1,2k+3 < j<nandjiseven (Vak+1V2k+2, Vok+1V2k+3)

1=2k+1and j=2k+2 (UpV2, UpUp—2)
2<i<2k+landj=n-1 (V2k41V2k+42, V2k+1V2k+3)

2<1<2k+1,2k+2<j<n-—1andjis odd (UpV1, Up—101)

2<i<2k+1,7=nandi 7& 2k (ngv2k+2,v2k+2v2k+4)
1=2kand j=n (V2 V2k41, V2kV2k42)

Table 4: (e, f) for which r(e|Wg) = r(f|WEg)
In all possibilities, we conclude that there is no edge metric generator of 3
vertices. Hence edim(C,(1,2)) = 4.
O

3 Edge metric dimension of family of circulant graphs
Cn(1,3)

In this section, we will compute the edge metric dimension of family of circu-
lant graphs C,,(1,3). Figure 2 shows the circulant graph Cig(1,3).
The following theorem tells us the metric dimension of Cy (1, 3).

Theorem 3.1. [6, 8, 16] Let C,,(1,3) be a circulant graph with n > 6, then
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Figure 2: Circulant graph Cig(1,3)

3, if n =1 (mod 6);

dim(Cr(1,3)) =4 4 if n=0,3,4,5 (mod 6);
4 < dim(Cyr(1,3)) <6, if n=2 (mod 6);

Now, we will compute the edge metric dimension of C,,(1,3).
Theorem 3.2. Let C,(1,3) be a circulant graph with n > 6, then
6, n=38
edim(Cy(1,3)) = 5, if n=2,5 (mod 6) and n # §;

4, otherwise;



EDGE METRIC DIMENSION OF SOME CLASSES OF CIRCULANT GRAPHS 25

Proof. In order to compute edge metric dimension of C,(1,3), we have the
following cases.

Case (i): Whenn =7, Wg = {v1,v2,v4,v5} C V(C7(1,3)) is edge metric
generator and hence edim(C7(1,3)) = 4.

Case (ii): When n =8, Wg = {v1, v2, v3,v4,v5,06} C V(Cs(1,3)) is edge
metric generator and hence edim(Cs(1,3)) = 6.

Case (iii): When n =0 (mod 6) and n > 6.
Let n =6k, k> 1, k € ZT and Wg = {v1,v2,v3,04} C V(Cy(1,3)), we have
to show that Wg is an edge metric generator of C,(1,3). For this, we give
representations of each edge of C),(1,3).

(0,0,1,1), if i = 0:
(i34, — 1), i1 <i<ks
r(vaiivaialWe) = 2k — 0,2k — 6,2k — i + 1,
2% —i+1), fh41<i<2k—1;
(1,0,0,1), it i = 0
(i +1,4,4,4), iF1<i<k—1:
7(V3i4203i43|WE) = (k kK, k), if i = k;
(2k — 2k — 0,2k —i,2k —i+ 1), if k+1<i<2k
(i,iyi—1,i—1), i 1<i<k
r(v3ivsip1|We) =< (2k—14,2k —i+ 1,2k —i + 1,
2% —i+1), fh+1<i<2%k-—1;
r(vpvi|Wg) = (0,1,1,1),
(0,1,1,0), if i =0
(,i+ 1,4, — 1), f1<i<k—1;
r(v3i11v3i404|WE) = ¢ (k— 1k, k, k— 1), if i =k;
2k —i—1,2k 0,2k —i+1,
% — i), fh+1<i<2k—1;

T(Un72/U1|WE) - (Oa 1; 2, 1)7
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(1,0,1,1), if i = 0;
(i+ 1,4, +1,4), if1<i<k-—1;
’I“(’U3i+21)3¢+5|WE) = (k)7 k — ]., k, k), ifi= If;
(2k —i,2k —i — 1,2k
2k —i+1), ifh+1<i<2k—2
T(U7L—1UZ|WE) = (132; 172)7
(i+1,ii—1,7), if1<i<k-—1;
( ") (k,k,k—1,k), if i =k;
(U303 =
Sl E (2k — i, 2k — i+ 1,2k — i,
2k —i+1), ifk4+1<i<2k—1;

and r(vpv3|Wg) = (1,1,0,1).

We see that there are no two edges having the same representations. This
shows that edim(C),(1,3)) < 4.

On the other hand, we have to show that edim(C,,(1,3)) > 4. For this purpose,
we have to show that there is no edge metric generator have cardinality 3, we
suppose on contrary that edim(C,(1,3)) = 3 and let Wg = {vi,v;,v;}. Then
the Table 5 shows all order pairs of edges (e, f) for which r(e|Wg) = r(f|WEg).

Conditions on 4 and j (e, f)
2<i<j<2 (VnV1, Un—v1)
2<i< g, §+1<3<nand
FAE{EHL,244,247,...,n—2,n} (vnv1, Un—2v1)
2<i<5 -1, %+1<]<nand
JA{E+3,24+6,249,.. 3,n—1} | (Un—1Vp, Up—30y)
Z‘:g,%+1§j<nand
j#13 438768 10 n 301 | Gmue)

Table 5: (e, f) for which r(e|Wg) = r(f|WEg)
In all possibilities, we get contradiction so it concludes that there is no edge
metric generator of 3 vertices. Hence edim(C,,(1,3)) = 4, for n = 0 (mod 6).
Case (iv): When n =1 (mod 6) and n > 13.
Let n =6k+1,k>2 ke Z" and Wg = {v1,v3,v5,0n_1+ C V(Cr(1,3)),
we have to show that Wg is an edge metric generator of C,(1,3). For this,
following are the representations of each edge of C), (1, 3).
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T(V3i+1V3i42|WE) =

r(vpvi[Wg) = (0,1,2

T(V3i4203i43|WE) =

r(v3iv3i+1|Wg) =

T(V3i+1V3i44|WE) =

r(vavs|Wg) = (1,0,2

r(V3i+2V3i45|WE) =

7 (Up—ou1|[Wg) =

(0,1,1,1),
(iyiyi—1,i+1),
(k,k,k —1,k),
(k—1,k kk—1),
(

2% — ),

)

kel k—1,k—1),

(1,

(z,z 1z+1)
(F, —1k),
(kkkk 1),

(

2k —i+ 1,2k — i+ 1,2k — i + 2,

2k — 1),
(0,1,1,2),
(i,4,1,1 4+ 2),
(k,k,E, k),
(

2k — 1),

71)7
(1,1,0,1),

(i+1,0+1,i—

2% —i—1),
(1737 3’ 1)’

(0,2,2,1),

2% — i, 2k —i+1,2k—i+2,

—1,i+1),

2k — 4,2k —i,2k —i+2,

1,04 1),
(2k—i—1,2k—i+1,2k—i—1,

if i =0;
if1<i<k—-1;
if 1 =k;
ifi=k+1;

ifk+2<i<2k-—1;

if i =0;
if1<i<k-1;
if 1 = k;

ifk+1<i<2k—1;

ifi=1;
fo<i<k-1;
if i =k;
ifi=Fk+1;

if k+2<i<2k;

if ¢ = 0;
f1<i<k-1;
if i = k;

if k+1<i<2k—1;

if 1 =0;
fl1<i<k-1

ifk<i<2k—3;
if i =2k —2;
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r(v3iv3i43|Wg) =

and r(vp—1v2|Wg) = (1,1,1,0).

ifi=1;
if2<i<k—1;
if i =k;

ifh+1<i<2k-1;

We see that there are no two edges having the same representations. This

shows that edim(C),(1,3)) < 4.

On the other hand, we have to show that edim(C),(1,3)) > 4. For this
purpose, we have to show that there is no edge metric generator have
cardinality 3, we suppose on contrary that edim(C,(1,3)) = 3 and let
Wg = {v1,v;,v;}. Then the Table 6 shows all order pairs of edges (e, f) for

which r(e|Wg) = r(f|Wg).

Conditions on %, j

(e, f)

; . n+1
2<i<j<

(Un V1, Up—_201)

2<9 u%“gjgnand

j;é{"T‘H+1,%+4,"TH+77~-~771—2»”}

IN
IN

(U1, Up—201)

2<i< 2L 2 < j<nand

A A3 6 49,3 - 1)

(Un—lvna 'Un—3vn)

Table 6: (e, f) for which r(e|Wg) = r(f|WEg)
In all possibilities, we get contradiction so it concludes that there is no edge
metric generator of 3 vertices. Hence edim(C,,(1,3)) =4, for n =1 (mod 6).

Case (v): When n =2 (mod 6) and n > 14.

Let n = 6k+2, k>2 k& Z" and Wg = {Ul,vg,v%_g,v%_l,vn_g} C
V(Cn(1,3)), we have to show that W is an edge metric generator of C,,(1, 3).
For this, we give representations of each edge of Cy(1,3).

(iyik—i—1,k—1d,i+1),
(k7 k7 1) 17 k)a

T(U3i+1’l)3¢+2|WE) = (2k7i+1,2]€72‘+1,i7k+1,

i—k+1,2k—1i),
(17 17 k‘.’ k? 1)7

if0<i<k-1;
if i = k;

ifk+1<i<2k—1;
if 1 = 2k;



EDGE METRIC DIMENSION OF SOME CLASSES OF CIRCULANT GRAPHS 29
@+Lak L k—i-1i+2), f0<i<k-—2
(k,k —1,0,0, k), ifi=k—1;
r(V3itovsirs|We) = ¢ (kkE+ 1,1,k —1), if i = k;
2k —i,2k—i+1,i—k+1,
i—k+1,2k—i—1), ifk+1<i<2k-—1;

r(v,n1|Wg) =

r(v3iv3i+1|WE) =

i — k, 2k — 1), ifk+1<:<2k—1;
(1,1, k, k,0), if i = 2k;
(hi+1Lk—i—1Lk—di+1), Hf0<i<k-—2
(k—1,k 1,1,k), ifi=Fk—1;
(k. k2,1, k), if i = k;
7(V3i4103i44|WE) = (O — it L2 i k42,
i—k+1,2k—1), ifk+1<i<2k-—2;
2,1,k k, 1), ifi= 2%k —1:
r(vp—102|Wg) = (1,0,k — 1,k, 1),
@+Luk i—2k—i—1,i+2), f0<i<k-—2
(k,k—1,0,1,k), ifi=k—1;
(k k1,2, — 1), if i = k:
r(vsis2vsies|We) = 2k — 0,2k —i+ 10— k+1,
i—k+2,2k—i—1), ifk+1<i<2k—2
1,2,k k,1), if § =2k — 1;
r(vpvs|Wg) = (1,1, k, k — 1,2),
(41,0 k—ik—i—1i+2), if1<i<k—2
(kk—1,1,0,k), =k —1;
r(v3ivsivs|We) =< (k,k, 1,0,k — 1), if i = k;
2k —i,2k —i+1,i—k+1,i—F,
2k —i—1) ifk+1<i<2k-—1;

and  r(vp_ov1|Wg) =

(07 ]‘7 k’ k? 1)7

ivisk—ik—i,i+1),

% —i+1,2k—i+1,i—k+1,

(
(kv ka 1; 07 k)7
(

(0,1, k, k,0).

fl1<i<k-—1;
if i =k;



EDGE METRIC DIMENSION OF SOME CLASSES OF CIRCULANT GRAPHS 30

We see that there are no two edges having the same representations. This
shows that edim(C),(1,3)) < 5.

On the other hand, we have to show that edim(C,(1,3)) > 5. For this
purpose, we have to show that there is no edge metric generator have
cardinality 4, we suppose on contrary that edim(C,(1,3)) = 4 and let
Wg = {v1,v;,vj,v}. Then the Table 7 shows all order pairs of edges (e, f)
for which r(e|Wg) = r(f|WEg).

Conditions on 4,7 and [ (e, f)
2§z:§]i§l§gand]:,l7é%fl (Un 1, Vp—201)
2<i<j<l|<Zandjl#2-2 (Vp—1Un, Vp—30p)

2<i<j<I< % andi#?2 (vavnii,vnvny3)
2<i<j<I<Zandi#3 (V241U 42, V0 41VR 4g)
2<i<j<g,5+1<I<nandj#7%—1, also
l#{5+2,5+55+8,....,n—2n} (UpV1, Up—2v1)
2<i<j<L,5+1 <l<nand]7$f—2 also
I#{5+1,5+4,5+7,.. 3n—1} (Un—10n, Un—305)
2<i<j< g, 5+ lglgnandi#lalso
I #{%2+1,2+3,2+6,2+9,...,n—1} (vzvz41,vzv243)
2<i<j<g,5+1 §l<nand27é3 also
1 #{54+2,5+4,5+7,5+10,...,n} (Vn11vn 49, Vn 11U y)

Table 7: (e, f) for which r(e|Wg) = r(f|WEg)
In all possibilities, we get contradiction so it concludes that there is no edge
metric generator of 4 vertices. Hence edim(C,,(1,3)) = 5, for n = 2 (mod 6).
Case (vi): When n =3 (mod 6) and n > 9.
Let n =6k +3, k>1, ke Z" and Wg = {vi,v2,v3,v4} C V(C,(1,3)),
we have to show that Wg is an edge metric generator of C,(1,3). For this,
following are the representations of each edge of C,, (1, 3).

(0,0,1,1), if i =0
(i,i,i,i — 1), if1<i<k:
r(v3it1V3i42|WE) = (K, k. k+ 1, k), ifi=k+1;

(2% —i+1,2k—i+1,2k —i+2,
2k — i+ 2), if k+2<i<?2k;
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(1,0,0,1), if i = 0;
(i +1,i,i,9), if1<i<k;
7(V3i4203i43|WE) = ) , )
2k—i+1,2k—i+ 1,2k —i+1,
2/€—i+2), if k4+1<i<2k;
(iyiyi—1,i—1), if1<i<k
(k k+ 1,k k), W=k 1;
7(v3iv3i+1|WE) = , ‘ ‘
2k —i+ 1,2k — 1+ 2,2k —i+2,
2% —i+2), i k4+2<i<2%:
r(vpvi|[Wg) = (0,1,1,1),
(0,1,1,0), if 1 =0;
( ) (ii+1,i,i— 1), if1<i<k
T(V3i+1V3i+4|WE) =
A (2 —i,2k —i+1,2k —i+2,
2% — i+ 1), ifk4+1<i<2k—1;
T(Un_2U1|WE) = (0, 1, 2, 1),
(1,071,1), if 1 =0;
(41,40 +1,9), i1<i<k:
7(V3i4203i45|WE) = . . .
2k —i+1,2k —4,2k — i+ 1,
% — i+ 2), itk 1<i< 2k
T’(’l}n_11)2|WE) = (1?05 172)7
(i+1,i,i—1,4), if1<i<k
T‘(’U3i’03i+3|WE) = (2k—i+1,2k‘—i+2,2k—i+1,
% —i+2), ifk+1<i<2k

and r(v,v3|Wg) = (1,1,0,1).

We see that there are no two edges having the same representations. This
shows that edim(C)(1,3)) < 4.

On the other hand, we have to show that edim(C,(1,3)) > 4. For this
purpose, we have to show that there is no edge metric generator have
cardinality 3, we suppose on contrary that edim(C,(1,3)) = 3 and let
Wg = {v1,v;,v;}. Then the Table 8 shows all order pairs of edges (e, f) for
which r(e|Wg) = r(f|Wg).
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Conditions on i and j (e, f)
2<i<j< ol (Vnv1, Un—2v1)
2<i<ndnt <]<’I’Land
j# {”Jrl +2, 25 + 5, ”H +38,. —2,n} (Vpv1, Vp—2v1)
gig ”21,"“ <]<nand
AL 1, g 7 3,n—1} | (Vh_1Vn, Vn_30s)

Table 8: (e, f) for which r(e|Wg) = r(f|WEg)
In all possibilities, we get contradiction so it concludes that there is no edge
metric generator of 3 vertices. Hence edim(C,,(1,3)) = 4, for n = 3 (mod 6).
Case (vii): When n =4 (mod 6) and n > 10.
Let n = 6k+4, k> 1,k € ZT and Wi = {v1,v3,v3,v4} C V(Cyr(1,3)),
we have to show that Wg is an edge metric generator of C,(1,3). For this,
following are the representations of each edge of C, (1, 3).

(0707171)a IfZZO7
r(vsit1vsi42|We) =< (k,kE+ 1,k +1,k), ifi=k+1;
2k —i+1,2k —i+2,2k—i+2,
2k —i+2), if k+2<i<2k
r(vnvl|WE) = (07 1, ]-7 1)»
(17070a 1); lf’L:O,
( W) (i+1,4,i,9), if1<i<k;
7(V34420V3; =
e 2k —i 41,2k —i+1,2k—i+2
2k —i+2), if k+1<i<2k;
(i,i,i—1,i—1), if1<i<k;
r(v3iv3it1 |We) = (2k — i+ 2,2k — i + 2,2k —i + 2,
2k —i+3), if k+2<i<2k;
(0,1,1,0), if i =0;
(4,34 1,4,i - 1), if1<i<k;
7(V3i11V3i44|WE) = (k,k+ 1,k k), ifi=k+1;
2k —i+1,2k—i+22k—i+1,
2k —i+2), if k+2<i<2k;

r(vavs|Wg) = (1,1,0,1),
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(1,0,1,1), if i = 0;
(i+1,4,i+1,1), if1<i<k—1;
T(U3i+2U31‘+5|WE) = (k)7 k, k + ]., k), if i = k;
(2% — 0,2k —i+1,2k —i+2,
2% —i+1), ifk4+1<i<2k—1;
T(U7L—2U1|WE) = (Oa 1; 27 1)7
(i+1,4,i—1,i), if1<i<kh
( ) (k+ 1,k kk+1), ifi=Fk+1;
r(U3;U3; =
senslnE (2 —i+2,2k —i+1,2k—i+2
2% —i+3), if k+2<i<2k;

and r(vp—1v2|Wg) = (1,0,1,2).

We see that there are no two edges having the same representations. This
shows that edim(C),(1,3)) < 4.

On the other hand, we have to show that edim(C,(1,3)) > 4. For this
purpose, we have to show that there is no edge metric generator have
cardinality 3, we suppose on contrary that edim(C,(1,3)) = 3 and let
Wg = {vi,v;,v;}. Then the Table 9 shows all order pairs of edges (e, f) for
which r(e|Wg) = r(f|Wg).

Conditions on ¢ and j (e, f)
2<i<j<g-1 (Un V1, Vp—201)
2<i < ] < % andj 7& % -1 (/Unflvnavnfiivn)
2<i<g-1,5+1<j<nand
]7&{%+3,%+6,%+9,,n72,n} (vnvlavn—Qvl)
2<i< g, g+1<j<nandi# g —1, also
J#F{5+2,5+5,5+8,...,n-3,n—-1} (Un—1Vn, Un—30n)
i=4,5+1<j<nandj#%5+2 (v1v2,v104)
i=vy and j =vn4o (vn42Vn 13,Un 42U 45)
i=vn 1,5 +1<j<nandj#% +3 (v2v3, V205)
i=wvn_jand j =vz43 (Vavz 41, V24102 42)

Table 9: (e, f) for which r(e|Wg) = r(f|WEg)
In all possibilities, we get contradiction so it concludes that there is no edge
metric generator of 3 vertices. Hence edim(C,,(1,3)) = 4, for n =4 (mod 6).
Case (viii): When n =5 (mod 6) and n > 11.
Let n = 6k+5, k>1, k€ ZT and Wg = {vl,vg,van_l,vanl,vn} C
V(Cr(1,3)), we have to show that Wg is an edge metric generator of Cy, (1, 3).
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For this, we give representations of each edge of Cy(1,3).
Representation for edges is

(i,ik — ik —i,i+ 1), if0<i<k
T(U3i+1’03i+2|WE) = (2]€ —i4+2,2k—i+42,i — k,
i~k 2k —i+ 1), i hr1<i<2k+l;
(i+1,i,k—ik—1i,i+1), if0<i<k-—1;
(k+1,k1,0,k +1), it i =k
7(V3i4203i43|Wk) =
2k —i+1,2k—i+2,9—k+1,
i— k2% —i+1), if k41 <i<2k:
r(vpvi|Wg) = (0,1, k, k + 1,0),
(iyik — ik —i+1,9), if1<i<k
(k+1,k+1,1,1,k+1), ifi=k+1;
7(v3iv3i41|WE) = . ) .
(2k —i+2,2k —i+2,i—k
i—k,2k —i+2), if k+2<i<2k+1;
(hi+1Lk—i—1Lk—di+1), f0<i<k-—1;
( W) (k,k+1,0,1,k + 1), if i =k
r(U3;410V3; =
ST 2k —i+2,2k—i+1,i—k,
i—k+1,2k—i+1), if k+1<1i<2k;

’I“(’Un_11}2|WE) = (1, 0,k+1,k, 1),

(i+1ik—ik—i—1,i+2), if0<i<k—1;
( . (k+1,k,1,0,k), it i = k:
(V34 V34 =
SrretssltE 2k —i+1,2k—i+2,i—k+1,
i — k, 2k — ), i hk1<i<2k:
r(v,vs|Wg) = (1,1, k, k+ 1,0),
(41,0, k—ik—i+1,4), i1<i<k:
( ) (k+1,k,1,1,k), if i = k;
r(U3;V34 E)=
s 2k —i+1,2k—i+2,i—k+1,
i—k,2k —1+2), if k+1<1i<2k;

and  7(vp_ov1|Wg) = (0,1,k, k+1,1).

We see that there are no two edges having the same representations. This
shows that edim(C),(1,3)) < 5.

On the other hand, we have to show that edim(C,,(1,3)) > 5. For this purpose,
we have to show that there is no edge metric generator have cardinality 4, we
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suppose on contrary that edim(Cy(1,3)) = 4 and let Wg = {vi,v;,v;,v:}.
Then the Table 10 shows all order pairs of edges (e, f) for which r(e|Wg) =
r(fWg).

Conditions on 4, j and [ (e, f)
2<i<j<I<Zandjl#%-— (VnV1, Vn_201)
2<i<j<i< ™ andj,i+# 1t (Vn—1Un, Vp_3Un)
j:’l}nifl7l:/l]n7+172gign53 andZ#Q (’UnTﬁ»S'UnTﬁ»S7U#UnT+9)
2 2

1=2,7=vn and [ = Unis (Un—1Un—2, Vn—1Vn—_4)

2<i<j<n il <7< nand
41 ntl g ndd L ¢ nil
l#{" =" +3, "= +6,"=+9,....,n—2,n} (Vnv1, Vp—2v1)
2§i§y§"‘1—1,"+1§l<nandj7$”;1,also
n

1# {2 +2, ";% +5, ";% +8,2 +11,...,n—3,n—1} (Vn—1Vn, Un_30p)

> ="2 2 =t=
1 # ™53 alsoi #{2,4,7,10,..., %} (v1v2,v104)
j:v%,2§i§”53,";‘1§l§nand (’UanlilvnT—l,
l#n—1, alsoi #{2,5,8,..., 251, 02 Un1_gUna)
j=vn1,2<i <72 B <1 <nand (V21vnp,
2
l#{nT—i-f’nT—H_"_z’n-;l +57n"2"1+8"._7n} U"T_lvnT_l+3)

Table 10: (e, f) for which r(e|Wg) = r(f|Wg)
In all possibilities, we get contradiction so it concludes that there is no edge
metric generator of 4 vertices. Hence edim(C,,(1,3)) = 5, for n =5 (mod 6).

O

4 Conclusion
In this paper, we have studied the edge metric dimension of circulant graphs
Crn(1,2) and C,(1,3). It is observed that the edge metric dimension of these

graphs is constant and does not depend on the number of vertices.

Open Problem: Calculate the edge metric dimension of C, (1,2, 3).
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